Abstract. A conjecture of Manin predicts the asymptotic distribution of rational points of bounded height on Fano varieties. In this paper we use conic bundles to obtain correct lower bounds for a wide class of surfaces over number fields for which the conjecture is still far from being proved. For example, we obtain the conjectured lower bound of Manin's conjecture for any del Pezzo surface whose Picard rank is sufficiently large, or for arbitrary del Pezzo surfaces after possibly an extension of the ground field of small degree.
1. Introduction 1.1. Manin's conjecture. Manin's conjecture, first posed in [FMT89] and developed further in [BM90] and [Pey95] , predicts precise asymptotic behaviour for the number of rational points of bounded height on Fano varieties and similar varieties. Recall that a Fano variety over a number field K is a smooth projective variety X over K with ample anticanonical divisoŕ K X . The theory of height functions gives rise to a choice of anticanonical height H on X, which has the property that the cardinality where ρpXq is the rank of the Picard group of X. One needs to restrict to an open subset in general to avoid so-called accumulating subvarieties that contain more than the expected number of rational points (e.g. lines on cubic surfaces). Whilst there are counterexamples to Manin's conjecture [BT96] , it is nonetheless expected to hold in dimension 2.
Del Pezzo surfaces.
A Fano variety X of dimension 2 is called a del Pezzo surface. An important invariant of del Pezzo surfaces is their degree d " pK X q 2 . This satisfies 1 ď d ď 9, with surfaces of smaller degree generally having a more complicated arithmetic and geometry (for example 1 ď ρpXq ď 10´d). The expectation is that the asymptotic formula (1.1) should hold with U taken to be the complement of the lines when d ‰ 1, and U taken to be the complement of the lines and the singular elements of the linear system |´K X | when d " 1 (by a line, we mean a p´1q-curve on X).
Our emphasis is on obtaining lower bounds of the correct order of magnitude. Our first result achieves this if the rank of the Picard group is large enough. No sharp upper or lower bounds were previously known for any del Pezzo surface of degree 1 or 2. In contrast, Theorem 1.1 obtains for the first time sharp lower bounds for Manin's conjecture for all split del Pezzo surfaces of arbitrary degree, i.e. those with all lines defined over the ground field (such surfaces are exactly those with a rational point and ρpXq " 10´d).
Even in the very special case d " 3 and K " Q, Theorem 1.1 is not covered by the best result known so far, due to Slater and Swinnerton-Dyer [SSD98] . They proved the correct lower bound under the hypothesis that X contains 2 skew lines defined over Q, using the fact that X is birational to P 1ˆP1 to provide a suitable parametrisation of all rational points. The result was subsequently extended to all number fields in [FS16] using a conic bundle structure with a section on X. The Fermat cubic surface x 3 0`x 3 1`x 3 2`x 3 3 " 0 over Q is, for example, covered by Theorem 1.1 but not by [SSD98, FS16] .
Finally, no sharp lower bounds were known for any del Pezzo surface of degree d ě 4 previously to our work, apart from those cases where Manin's conjecture is known. Any del Pezzo surface of degree d ě 6 is toric, hence Manin's conjecture here follows from the general result [BT98] . Manin's conjecture is known for split del Pezzo surfaces of degree 5 [dlB02] over Q and a single del Pezzo surface of degree 4 [dlBB11] over Q; it is not known for any del Pezzo surface of degree d ď 3 over Q, and for no surface of degree d ď 5 over number fields other than Q. There are however results for some singular del Pezzo surfaces; we do not consider singular surfaces in this paper, as we prefer to focus on the more difficult case of smooth surfaces.
The known upper bounds are still very far from the conjectured truth for d ď 3. For cubic surfaces, the strongest upper bounds are due to Heath-Brown [HB97] who showed that N U,H pBq Î ε,X B 4{3`ε for any ε ą 0, provided that X is defined over Q and contains 3 coplanar lines. For d " 2, Salberger [Sal13] has proved that N U,H pBq Î ε,X B 3{ ? 2`ε for any ε ą 0. Browning and Swarbrick-Jones [BSJ14, Thm. 1.3] have shown that N U,H pBq Î ε,X B 2`ε for any ε ą 0, whenever X is equipped with a conic bundle structure over K. In the case that X is split, Salberger has proved that N U,H pBq Î ε,X B 11{6`ε for any ε ą 0, as announced in the conference "Géométrie arithmétique et variétés rationnelles" at Luminy in 2007. For d " 1, Mendes da Costa [MdC13, Prop. 4] has shown that N U,H pBq Î B 3´δ , for some δ ą 0.
For d " 4, much better bounds are known. As already mentioned, Manin's conjecture has been established for a quartic del Pezzo surface [dlBB11] . During the conference "Higher dimensional varieties and rational points" at Budapest in 2001, Salberger has announced a proof of N U,H pBq Î ε,X B 1`ε for any ε ą 0, whenever X contains a conic over Q, and this work was subsequently extended to number fields by Browning and Swarbrick-Jones [BSJ14, Thm. 1.1]. Even more is known now for d " 4 due to very recent work of Browning and Sofos [BS16] , building in part upon the results of the present paper.
We are also able obtain to obtain the conjectured lower bound for all del Pezzo surfaces after a finite extension of the base field K; again, no previous result on this topic existed for del Pezzo surfaces of d " 1 or 2 (see [FS16] for d " 3). 
, as B Ñ 8.
1.3.
Counterexamples to Manin's conjecture. Batyrev-Tschinkel [BT96] used lower bounds for the Fermat cubic surface to obtain counterexamples to Manin's conjecture over any number field which contains a third root of unity. Theorem 1.1 yields for the first time the correct lower bound for Manin's conjecture for the Fermat cubic surface over any number field, and in particular over Q. As an application, we are able to extend their counterexample to arbitrary number fields, and moreover to improve upon the lower bounds obtained in [BT96, Thm. 3 .1] (other counterexamples over arbitrary number fields have also been constructed in [LR14] and [Lou15] As explained in [BT96, §1] , this yields a counterexample to Manin's conjecture as Y is a smooth Fano variety with ρpY q " 2.
1.4. Conic bundle surfaces. Our results on del Pezzo surfaces are proved via a fibration method using conic bundles. Conic bundles have been used to great success in special cases of Manin's conjecture [dlBB11, dlBBP12] and for obtaining upper bounds [HB97] ; our aim is to construct techniques that enable us to deduce lower bounds in much higher generality.
In this paper, we use the following definition of conic bundle surfaces. Definition 1.4. A conic bundle over a field k is a smooth projective surface X over k together with a dominant morphism π :
all of whose fibres are isomorphic to plane conics. We define the complexity of π to be cpπq :" ÿ P P P 1 X P is non-split rkpP q : ks, where kpP q denotes the residue field of P .
Recall that a conic C over a field k is called split if it is either smooth or isomorphic to two rational lines over k. The complexity cpπq is a rough measure of the arithmetic difficulty of the conic bundle. For example if cpπq " 0 and π admits a smooth fibre with a rational point, then π has a section (this can be proved using Grothendieck's purity theorem and the fact that Br P 1 k " Br k)
. Note that what we have called the complexity of π is often referred to as the rank of π in the literature (see [Sko96, Thm. 0.4]). We prefer the former terminology to avoid any possible confusion with the Picard rank of X.
Our main theorem concerns counting rational points of bounded height on conic bundle surfaces. In this level of generality the difficulties in obtaining precise results towards Manin's conjecture are formidable. Serre [Ser90] has shown that, unless we are in the very special case that the conic bundle has a section, only 0% of the conics in the family have a rational point. All the cubic surfaces in [SSD98] and [FS16] have a conic bundle with a section, which was instrumental in proving the lower bound. Similarly in the proof of Manin's conjecture for a quartic del Pezzo surface [dlBB11] , there was a conic bundle with a section. The main difficulty in our paper is about giving precise bounds when the conic bundle does not have a section, so that very few fibres have a rational point. We work over arbitrary number fields for completeness, but this fundamental difficulty regarding the non-existence of a section is already present over Q. A further level of difficultly arises in working with arbitrary conic bundles surfaces, rather than just special classes of del Pezzo surfaces with a conic bundle structure (e.g. cubic surfaces with a line).
We are able to deal with arbitrary conic bundles surfaces by working out explicit equations inside P 2 -bundles over P 1 and explicitly calculating the relevant height functions (this is achieved in §2 and §5). To overcome the problem regarding the non-existence of a section we construct certain arithmetic functions that are able to detect asymptotically the correct proportion of conics with a rational point for any conic bundle surface. These detector functions translate the problem of counting points into one of estimating suitable divisor sums, which is a completely independent and very classical topic in analytic number theory. Our approach yields several new results that were out of reach of previous methods, even over Q. It has already found further applications to Manin's conjecture for quartic del Pezzo surfaces in the recent paper [BS16] .
The theory of the resulting divisor sums is treated in the companion paper [FS18] , written by the first and last named author. In ibid. the complexity of a system of binary forms is defined, and a general lower bound conjecture for divisor sums is stated. The present paper's central result obtains sharp lower bounds for Manin's conjecture for conic bundle surfaces, conditional on this conjecture. Note that such surfaces need no longer be Fano. However, the results here are compatible with the more general framework for Manin's conjecture presented in [BM90] (namely [BM90, Conj. C']). Theorem 1.5 is non-trivial only if´K X is big (this property holds for example if
It is in such cases that there are only finitely many rational points of bounded height on some non-empty open subset U , and the lower bounds obtained in Theorem 1.5 are conjecturally sharp provided U is taken sufficiently small. Note that Theorem 1.5 applies to any non-empty open subset U . In particular, this gives a conditional proof of Zariski density of rational points on conic bundle surfaces over number fields, assuming the existence of a rational point on a smooth fibre; this property is currently open in most cases (see [KM17] and [BMS14] for recent results).
As was proved in [FS18, Thm. 1.1], the lower bound conjecture holds for systems of forms of complexity at most 3. From Theorem 1.5, this allows us to obtain the following unconditional result. For comparison, it is known that any conic bundle X of complexity at most 3 with a rational point is rational (see [KM17, §1] and the references therein). In particular the set of rational points, when non-empty, is Zariski dense. Theorem 1.6 should therefore be compared with the "trivial" lower bound N U,H pBq Ï U,H B, given by considering the rational points on some smooth conic in X which meets U . Note that the trivial lower bound is never sharp, as for a conic bundle X one always has ρpXq ě 2 (see Lemma 2.1).
One nice feature of Theorem 1.6 is that we are able to obtain lower bounds for Manin's conjecture for some surfaces of arbitrarily large Picard number. For example, take X to be the blow-up of P 2 K in n`1 rational points, of which n lie on a conic and no 3 are collinear. This is equipped with a conic bundle arising from the linear system of lines in P 2 K through one of the blown-up points. This conic bundle has complexity 0 and X has Picard rank n`2. Moreover [TVAV11, Rem. 2.10] implies that´K X is big. Using the methods of [DL10, DL15] , one can also show that for sufficiently large n, such X are not equivariant compactifications of G 2 a , G 2 m nor G a¸Gm . In particular, Manin's conjecture is not already known for such X as specials cases of [BT98] , [CLT02] , [TT12] . These appear to be the first examples of surfaces of arbitrarily large Picard number which are not equivariant compactifications for which lower bounds for Manin's conjecture of the correct order of magnitude have been obtained.
The results stated in §1.2 will be proved using Theorem 1.6, together with a geometric analysis of the configurations of lines on del Pezzo surfaces.
Remark 1.7. Let 1 ď d ď 5 and let X be a del Pezzo surface of degree d over K. We recall the definition of the graph of lines of X [Man86, §26.9]. This has one vertex for each line on XK, with e edges between two distinct vertices corresponding to lines L 1 and L 2 with L 1¨L2 " e. This graph only depends on d, up to isomorphism, and we denote it by G d (this can be canonically constructed using the theory of root systems). The absolute Galois group GalpK{Kq naturally acts on the lines of X overK, hence the Galois action gives rise to a subgroup of W pE 9´d q, which is well-defined up to conjugacy. We will show in Proposition 5.2 that this action determines whether or not the surface admits a conic bundle, at least under the additional assumption that XpKq ‰ H. We enumerated all such conjugacy classes in Magma (the relevant code can be found on the second-named author's web page). A summary of the results can be found in Table 1 In Table 1 .3, the first column gives the total number of conjugacy classes of subgroups of W pE 9´d q. The second column the number which admit a conic bundle. The third column the number which admit a conic bundle π of complexity 0, and the last column the number which admit a conic bundle π of complexity at most 3 (this latter column is the number of conjugacy classes of subgroups to which Theorem 1.6 applies).
1.5. Plan of the paper. In §2 we recall and prove some necessary facts about the geometry of conic bundles. In particular, how to write down equations for conic bundles inside P 2 -bundles over P 1 . In §3, we prove some results about counting rational points on conics, which will be needed in the proof of Theorem 1.5.
In §4, we will prove our main result (Theorem 4.1), which is a more precise version of Theorem 1.5.
We finish with §5, which concerns del Pezzo surfaces with a conic bundle structure. We apply Theorem 1.6 to prove the results stated in §1.2 and §1.3. In §5, we also give a complete classification of the equations for del Pezzo surfaces with a conic bundle, inside an appropriate P 2 -bundle over P 1 . These results were obtained in order to assist with future proofs of Manin's conjecture for del Pezzo surfaces with a conic bundle, and to help with applications of Theorem 4.1. The equations obtained here, together with the analytic tools in this paper, have already found applications to Manin's conjecture for quartic del Pezzo surfaces [BS16] .
The geometry of conic bundles
In this section we study the geometry of conic bundle surfaces. We work over a fixed field k, which for simplicity we assume satisfies charpkq ‰ 2 in §2.3. The primary purpose is to explain how to obtain equations for arbitrary conic bundles inside P 2 -bundles over P 1 .
2.1. Basic facts. The following is well-known; we give proofs for completeness.
Lemma 2.1. Let π : X Ñ P 1 be a conic bundle. Then (1) π´1pP q is reduced for all P P P 1 .
(2) rank PicpXq " 2`7tclosed points P P P 1 : π´1pP q is singular and splitu.
Proof. For the first part, we may assume that k is algebraically closed. Recall from Definition 1.4 that X is smooth and projective over k. Suppose that π´1pP q " 2L is non-reduced. Then p2Lq 2 " L 2 " 0. As p a p2Lq " p a pLq " 0, the adjunction formula [Har77, Ex. V.1.3] gives both´K X¨L " 2 and´K X¨2 L " 2; contradiction. For the second part, let P P P 1 be such that π´1pP q is split and singular. Then π´1pP q is the union of 2 irreducible components, each of which consists of a collection of pairwise skew p´1q-curves overk. Blowing-down the choice of such an irreducible component and applying induction, we may assume that π is relatively minimal, i.e. each fibre F of π is irreducible. Consider the map Pic X Ñ Z
given by intersecting each divisor with F . Its image has finite index, as we have´K X¨F " 2 by the adjunction formula. As the linear system |F | is positive dimensional, we see that the kernel is generated by the irreducible components of the elements of |F |. But each element of |F | is irreducible by assumption, and hence rank PicpXq " 2 as required.
2.2. Projective bundles. We recall some facts about projective bundles over P 1 , following Reid's treatment in [Rei97, §2] (see [Har77, p. 162 ] for a more general approach).
Definition 2.2. Let pa 0 , . . . , a n q P Z n`1 . We define the associated P n -bundle over P 1 to be the projectivisation Fpa 0 , . . . , a n q " PpO P 1 pa 0 q '¨¨¨' O P 1 pa nof the vector bundle O P 1 pa 0 q '¨¨¨' O P 1 pa n q over P 1 .
As a special case, we have Fp0, . . . , 0q -P 1ˆPn . One may view Fpa 0 , . . . , a n q as a quotient Fpa 0 , . . . , a n q -pA 2 z0qˆpA n`1 z0q{G 2 m , where pλ, µq P G 2 m acts via pλ, µq¨ps, t; x 0 , . . . , x n q " pλs, λt; λ´a 0 µx 0 , . . . , λ´a n µx n q. (2.1)
We denote by M, F P Pic Fpa 0 , . . . , a n q the class of the relative hyperplane bundle and the class of a fibre, respectively. These generate the Picard group [Rei97, Lem. 2.7].
For pe, dq P Z 2 , we say that a polynomial f P krs, t, x 0 , . . . , x n s is bihomogeneous of bidegree pe, dq if it lies in the λ e µ d -eigenspace for the action (2.1) of G 2 m . Such polynomials determine a well-defined subvariety f ps, t; x 0 , . . . , x n q " 0 of Fpa 0 , . . . , a n q. A basis for this space is given by monomials of the form s e 1 t e 2 x d 0 0¨¨¨x dn n where the exponents are non-negative and satisfy ř n i"0 d i " d and e 1`e2 " e`ř n i"0 d i a i . Such polynomials exactly correspond to the global sections of the sheaf OpeF`dM q.
Conic bundles.
The set-up of §2.2 allows us to write the equations of conic bundles in an explicit manner as follows. For simplicity, in this section we assume that char k ‰ 2.
A smooth surface of bidegree pe, 2q in Fpa 0 , a 1 , a 2 q has an equation of the shape ÿ 0ďi,jď2
Throughout this paper, we follow the convention that f i,j " f j,i . One can determine the non-singularity of such a surface (2.2) by applying the usual Jacobian criterion to the 6 affine patches given by sx i ‰ 0 and tx i ‰ 0 for i P t0, 1, 2u. Such a surface is equipped with the conic bundle structure π : ps : t; x 0 : x 1 : x 2 q Þ Ñ ps : tq. The discriminant ∆ π ps, tq P krs, ts of π is defined to be the determinant of the matrix given by the quadratic form; the roots of ∆ π ps, tq correspond to the singular fibres of π. As X is smooth over k, the discriminant is a separable polynomial. Note that the affine cone of (2.2) in pA 2 z0qˆpA 3 z0q is a G 2 m -torsor over X; it is an example of a "conic bundle torsor", as used in [BSJ14, §2.2].
The following (well-known) lemma shows that every conic bundle has the above form.
Lemma 2.3. Let pa 0 , a 1 , a 2 q P Z 3 and e P Z. Then any smooth hypersurface of bidegree pe, 2q in Fpa 0 , a 1 , a 2 q is a conic bundle surface. Moreover, every conic bundle surface arises this way (for some choice of pa 0 , a 1 , a 2 q P Z 3 and e P Z).
Proof. The first part is clear. So let π : X Ñ P 1 be a conic bundle with relative anticanonical bundle ω´1 π " ω´1 X bπ˚pω P 1 q. As explained in [Has09, Cor. 3.7] and its proof, the pushforward π˚ω´1 π is a locally free sheaf of rank 3 and the map
is a closed embedding, where Ppπ˚ω´1 π q Ñ P 1 denotes the associated P 2 -bundle (this is shown in loc. cit. under the additional assumption that X is minimal, but the same proof works in our case). However, by a theorem of Birkhoff-Grothendieck [Har77, Ex. V.2.6], every vector bundle on P 1 is a direct sum of line bundles. Hence π˚ω´1 π -O P 1 pa 0 q ' O P 1 pa 1 q ' O P 1 pa 2 q for some a i P Z. As the relative hyperplane class induces the anticanonical class on each fibre, it is clear that X has bidegree pe, 2q for some e P Z. The result follows.
Remark 2.4. Note that the triple pa 0 , a 1 , a 2 q and degree e in Lemma 2.3 are not unique, due to the isomorphism Fpa 0 , a 1 , a 2 q -Fpa 0`f , a 1`f , a 2`f q for any f P Z.
We record the required geometrical properties of such surfaces in the next proposition. By abuse of notation, we denote by M, F P Pic X the pull-back of the corresponding divisor classes from Fpa 0 , a 1 , a 2 q to X. See also §3 for our conventions concerning the absolute values |¨| v and the local degrees m v .
Proposition 2.5. Let X Ă Fpa 0 , a 1 , a 2 q be a smooth surface of bidegree pe, 2q.
number field, then a choice of anticanonical height function is given by
Proof. Part (1) simply says that X defines an effective divisor. For part (2), we note that deg ∆ π is the trace of the matrix (2.3). Part (3) follows from the adjunction formula [Har77, Prop. II.8.20], on recalling that
As for part (4), the calculations F 2 " 0 and M¨F " 2 are clear. The last equality follows from Noether's formula [Har77, Ex. A.4.1.2], on noting from Lemma 2.1 that ρpSq " 2`deg ∆ π . The value for M 2 can then be deduced from (2) and (3).
For (5), we recall some of the theory of height functions. Let L be a line bundle on a projective variety V . If there exists a collection of global sections s 0 , . . . , s n which generate L, then a choice of height function associated to L is given by
When L is not generated by global sections, it may be written as a difference
where each L i is generated by global sections (see [HS00, Thm. B.3.2] and its proof). In this case, one may take
This definition depends on the choice of the L i and the global sections, up to a bounded function. In our case, both O X pM q and O X pF q are generated by global sections. Choosing generating global sections, applying the height machine, and using (3), we obtain (5).
Rational points on conics
Notation. In this and the next section, we work over a number field K of degree m, with ring of integers O K , and with algebraic closure K. We choose a fixed set C of integral representatives for the ideal classes of K. All implicit constants are allowed to depend on K and the choice of C . We denote the monoid of nonzero integral ideals of O K by I K and the absolute norm of a P I K by Na. The letter p always denotes a nonzero prime ideal of K, and v p the padic exponential valuation on elements and ideals of O K . We let
e l l P I K , with distinct prime ideals p i none of which lies above 2, the Jacobi symbol is defined aś
where´a p¯i s the quadratic residue symbol for K. We write Ω K , Ω 8 , Ω 0 for the sets of all, all archimedean, and all nonarchimedean places of K, respectively. For v P Ω K lying above a place w of Q, we write m v :" rK v : Q w s for the local degree. We write K v for the completion of K at v and extend the usual (real or p-adic) absolute value of Q w to an absolute value |¨| v on K v . All completions K v at archimedean places v are identified with R or C, and we identify the R-vector space
We include K in K 8 via its natural embedding. The volume of a (measurable) subset of K 8 is its usual Lebesgue measure in R m .
We define the discriminant of a binary quadratic form Q " ax 2 0`b x 0 x 1`c x 2 1 P O K rx 0 , x 1 s as ∆ Q :" b 2´4 ac, and the discriminant of a ternary quadratic form Q P O K rx 0 , x 1 , x 2 s as
.
These differ from the usual definition in terms of the associated bilinear form only by a factoŕ 4 and ensure that ∆ Q P O K . We denote the resultant of two binary forms F, G P O K rs, ts by RespF, Gq P O K .
3.1. Counting rational points. Let K be a number field and C Ă P 2 K a smooth conic defined by a quadratic form
We consider heights on P 2 pKq of the following form. For every v P Ω K , let ¨ v,max be the max-norm on K 3 v . For non-archimedean places v, we let
For each archimedean place v, we fix an invertible linear transformation
2) We then have a height function
on P 2 pKq. We shall prove an asymptotic lower bound for the counting function N C,H pBq :" 7 tx P CpKq : Hpxq ď Bu that is explicit in terms of Q and H. For every archimedean place v of K, let
and moreover
We first consider the case where c " 0, that is, C has the rational point p0 : 1 : 0q. In this case, we obtain an asymptotic formula.
Theorem 3.1. Let C Ă P 2 K be the smooth conic given by the nondegenerate quadratic form Q as in (3.1) with c " 0. Let H be a height function as above. Then
The leading constant c C,H is positive and as described by Peyre [Pey95] , and the implied constant in the error term depends only on K.
For K " Q this follows from [Sof14, Prop. 2.1]. The proof in [Sof14] can be adapted to arbitrary number fields using similar techniques to [FP16] ; we do not include the details in the interests of brevity. Since Manin's conjecture is already known to hold for P 1 , all the novelty of Theorem 3.1 lies in the explicit error term.
Let us briefly recall the shape of the constant c C,H as defined in [Pey95] . With a constant c K depending only on K, we have
Here ω H,v is a measure on CpK v q that can, by [Pey95, Lemme 5.4.4], be described in local v-analytic coordinates, say, ϕ : p1 : x 1 : x 2 q Þ Ñ x 1 by its pushforward
(3.5)
In the above formula, dx 1 denotes the Haar measure on K v , normalised by ş Ov dx 1 " 1 in the non-archimedean case, and the usual Lebesgue measure on R or C in the archimedean case.
To obtain a lower bound in the general case, we first recall that CpKq ‰ H already implies that C has a K-point ξ with H Weil pξq Î xQy, where H Weil is the usual Weil height obtained by taking the max-norm at all places. This was originally proved over Q by Cassels [Cas55] , and first extended to number fields by Raghavan [Rag75] . Given such a point ξ " pξ 0 , ξ 1 , ξ 2 q with ξ j P O K and ξ 0 O K`ξ1 O K`ξ2 O K P C , we construct a matrix A with entries in O K mapping p0, 1, 0q to ξ. The proof in [Sof14, Lemma 6.1] is directly adapted to our setting, thus providing the next result.
Assuming Theorem 3.1 for a slightly more general class of heights, where the local factors may be defined as in (3. 2) also for a finite set of non-archimedean places, one could easily prove an asymptotic in the next proposition. We do not pursue this here and are satisfied with an asymptotic lower bound. Proposition 3.3. Let Q be a nondegenerate quadratic form as in (3.1), C Ă P 2 K the corresponding smooth conic, and let H be a height function as in (3.3) . Then
for some ε ą 0 depending only on m. The constant c C,H is the one predicted by Peyre, and the implicit constants depend only on K.
Proof. If
CpKq " H then, by Hasse-Minkowski, CpK v q " H for some v P Ω K and thus c C,H " 0. If CpKq ‰ H, then we can find a point in CpKq that has a representative ξ " pξ 0 , ξ 1 , ξ 2 q P O 3 K with H Weil pξq Î xQy and 
Let C A Ă P 2 K be the smooth conic defined by QpAxq " 0, and let H A :"H A˝A . Then C A has the rational point p0 : 1 : 0q, and
By Theorem 3.1 we see that for sufficiently small ε ą 0 we have
and in particular c C A ,H A " c C,H A . Shrinking ε and using the bounds ź
derived from Lemma 3.2 and our choice of ξ, we see that the error term is as desired. To finish our proof, we note from (3.5) and H v pA´1xq ďˇˇpdet Aq´1ˇˇv H v pxq that
3.2. Local densities of conics. Let C Ď P 2 K be a smooth conic defined by a nondegenerate quadratic form Q P O K rx 0 , x 1 , x 2 s. We are interested in lower bounds for the quantities
for v P Ω 0 corresponding to prime ideals p ∤ 2. Recall that the local factors of the height at these places are given by the max-norm. It is well known, and follows for example from [PT01, Corollary 3.5], that in this case
Let ∆ Q P O K t0u be the discriminant of Q. The following lemma is well known and easily proved by an application of Hensel's lemma, on using the fact that 7P 1 pO K {pq " 1`Np.
Lemma 3.4. For all prime ideals
Lemma 3.5. Let A, B P O K with p ∤ 2AB, and define
Proof. It suffices to show that
The equation Ax 2 0`B x 2 1 " x 2 2 defines a smooth plane conic over F p , hence has Np`1 rational points. Exactly 1`´´A B p¯o f these rational points satisfy x 2 " 0, whence the result. Now assume that p ∤ 2, that p | ∆ Q , and that the rank of Q over F p is 2. Let C p be the singular conic defined by Q over F p , and
Cor. I.3.4]. Thus, we may assume that Q is equivalent over O p to the form
with p-adic units a, b and a uniformiser π at p. With the equation (3.7), we clearly have
The lower bound for σ p pQq in the next proposition is crucial for the passage from rational points on conic bundles to divisor sums in the proof of Theorem 1.5. Proposition 3.6. Let Q P O K rx 0 , x 1 , x 2 s be a quadratic form that is nondegenerate over K, and assume that p ∤ 2, that p | ∆ Q , and that the rank of Q over F p is 2. Then
1´2
Np˙v
Proof. Let n ě v p p∆ Q q`1 and define
We will evaluate N˚pp n q explicitly. Diagonalising over O p , we may assume that Q has the form (3.7) modulo p n , with a, b P O K units modulo p and π P O K with v p pπq " 1. Let N0 pp n q :" 7tpx 0 , x 1 , x 2 q mod p n : Qpx 0 , x 1 , x 2 q " 0 mod p n and px 0 , x 1 q ı 0 mod pu
We can then write
, which is impossible if p ∤ x 2 , whence Nd pp n q " 0. By Hensel's Lemma,
This is equal to Np 4d M vpp∆ Q q´2d pp n´2d q, where we defined
Np 2 holds for all k ě 1, and for c ě 1 we have, similarly as before,
Lemma 3.5, yields the equality
From (3.9), we obtain that
Combining this with our previous computations, one easily finds that (3.10) equals
Np¯¯, v p p∆ Q q P 2Z. In both cases this is independent of n, hence determines σ p pQq " lim nÑ8 N˚pp n q{Np 2n . Distinguishing between the cases χ p pQq " 1 and χ p pQq "´1, it is easily verified that these expressions satisfy the required bounds.
Rational points on conic bundles
The goal of this section is to prove Theorem 1.5 (in fact it will follow from a more precise version below). Let π : X Ñ P 1 K be a conic bundle. By Lemma 2.3 and Remark 2.4, we may assume that X is a smooth hypersurface of bidegree pe, 2q in Fpa 0 , a 1 , a 2 q, with a 0 " 0 and e, a 1 , a 2 ě 0. Hence, let X be cut out by the bihomogeneous form Q ps,tq pxq " Qps, t, x 0 , x 1 , x 2 q :" ÿ 0ďi,jď2
of bidegree pe, 2q, with deg f i,j " a i`aj`e . In this paper we are only concerned with bounds, and not an asymptotic formula. In particular, by standard properties of height functions, from Proposition 2.5 we may assume that the anticanonical height on XpKq is given by Hps, t, xq " ś vPΩ K H v ps, t, xq mv , with H v ps, t, xq defined as
We write ∆ps, tq "´4∆ π ps, tq P O K rs, ts, where ∆ π is the discriminant of the conic bundle morphism π : ps : t; xq Þ Ñ ps : tq, and we denote the degree of ∆ps, tq by d " 2a 1`2 a 2`3 e. A linear change of the variables s, t, which only affects heights by a bounded amount, allows us to assume moreover that t ∤ ∆ps, tq.
Let us note that the bihomogeneity of Q implies in particular that, for λ P K t0u,
4.1. Conic bundles and divisor sums. In the companion paper [FS18] , the first and last named authors introduce certain generalised divisor sums over the values of binary forms and state a lower bound conjecture for such divisor sums. We construct now an instance of [FS18, Conjecture 1], whose validity will imply the validity of Theorem 1.5 for the particular hypersurface X of bidegree pe, 2q in Fp0, a 1 , a 2 q as above. First, we construct a system F pXq of forms as follows: let M be the set of all closed points p P P 1 K , such that the fibre X p is singular. There is a one-to-one correspondence between points p P M and irreducible factors ∆ p ps, tq of ∆ps, tq in Krs, ts, up to multiplication by non-zero constants. Thus, we have a factorisation
where a P O K t0u and ∆ p ps, tq P O K rs, ts is a form irreducible over K with ∆ p p1, 0q ‰ 0. The residue field Kppq, for p P M , is generated over K by a root θ p of the polynomial ∆ p ps, 1q, and we may assume that θ p P K.
For any p P M , we define a binary form δ p ps, tq P O K rs, ts as follows: the plane conic C pθp,1q defined by the ternary quadratic form Q pθp,1q P Kppqrs, ts is isomorphic to the fibre X p over Kppq, and thus singular. Let i p P t0, 1, 2u be the index of the first non-zero coordinate of the unique singular point of C p . Then we define δ p ps, tq as the discriminant of the binary quadratic form obtained by setting x ip :" 0 in Q ps,tq px 0 , x 1 , x 2 q. We observe directly from the definition of Q that δ p is a binary form of even degree. We will prove in Lemma 4.6 that δ p pθ p , 1q is a square in Kppq if and only if the fibre X p is split.
We define the system FpXq as
Moreover, we define the multiplicative function f : I K Ñ p0, 8q by f ppq :"´2{Np for any prime ideal p not above 2, and f pp e q :" 0 for all other prime ideal powers. The rest of this section is devoted to the proof of the following result. Theorem 4.1 implies Theorem 1.5, since the complexity (as defined in [FS18] ) of FpXq is exactly the complexity of the conic bundle π : X Ñ P 1 K , as will follow from Lemma 4.6. We start our proof of Theorem 4.1 by constructing the divisor sums to which the lower bound conjecture will be applied. Let D Ă K 2 8 be a set of the form
where
v is a compact ball of positive radius. Let W be an ideal of O K divisible by 2r, and let σ, τ P O K with σO K`τ O K " r. For the triplet P :" pD, pσ, τ q, Wq, and each B ě 1, we define the sets This is a generalized divisor sum, as in [FS18] . Assuming the validity of [FS18, Conjecture 1] for K, r, f and FpXq, we obtain a finite set S bad of prime ideals of O K , such that DpFpXq, f, P; Bq Ï B 2 plog Bq 7tpPM : Xp splitu , (4.9) whenever W is divisible by each prime in S bad and the triplet P is admissible. In the rest of this section, we reduce Theorem 4.1 to the statement (4.9), for a suitable choice of admissible triplet P.
4.2.
Partitioning the rational points into fibres. We note that the fibres of the conic bundle morphism π : X Ñ P 1 K are isomorphic to plane conics as follows: let L Ą K be an extension field. For ps, tq P L 2 t0u, define the plane conic
by Q ps,tq pxq " 0.
For p " ps : tq P P 1 K pLq, we have then an isomorphism φ ps,tq : C ps,tq Ñ X p , given by sending x to ps : t; x 0 : x 1 : x 2 q P Fp0, a 1 , a 2 q, for any representative px 0 , x 1 , x 2 q P L 3 t0u of x.
Sorting XpKq by fibres, we get N U,H pBq " ÿ ps:tqPP 1 pKq 7tx P pX ps:tq X U qpKq : Hpxq ď Bu.
Let A be the subgroup of OK generated by a fixed set of fundamental units. Then OK " A ' µ K , where µ K is the group of roots of unity in K. We now construct a fundamental domain for the diagonal action of A on K 2 t0u, as in [MV07] . We consider K as a subfield of K 8 " K b Q R " ś vPΩ8 K v via the natural embedding sending an element to its conjugates. Let l : ś vPΩ8 Kv Ñ R Ω8 be the logarithmic map px v q v Þ Ñ pm v log |x v | v q v . Then lpA q " lpOK q is a lattice in the hyperplane Σ Ă R Ω8 given by ř v y v " 0. Let F be a fundamental parallelotope for the lattice lpO K q, and δ :" pm v q v P R Ω8 . Let
(4.10)
Then G X K 2 is a fundamental domain for the diagonal action of A on K 2 t0u. Moreover, G is a cone, that is, tG " G for all t ą 0. Multiplying ps 0 , t 0 q by a unit and slightly shifting the fundamental parallelotope F , if necessary, we can ensure that ps 0 , t 0 q lies in the interior of G . Define the set
4.3. Lower bound for the counting problem. Since every rational point in P 1 pKq has at most |µ K | representatives ps, tq P BpB δ q, for every δ ą 0, we obtain the lower bound
ps,tqPBpB δ q 7tx P pX ps:tq X U qpKq : Hpxq ď Bu.
Let V Ă X be the closed subvariety complement to U . It has finitely many irreducible components, with each one being either a point or a divisor of vertical or horizontal type.
Vertical components are irreducible components of the fibres of π, and the height H induces an anticanonial height on each smooth fibre (recall from (4.11) that we are not counting rational points on singular fibres). Since Manin's conjecture is known to hold for P 1 , there are OpBq points of height at most B in each smooth fibre.
Horizontal components meet each fibre in the same number of points, counted with intersection multiplicities, and, by Schanuel's theorem, there are OpB 2δ q fibres X ps:tq with ps, tq P BpB δ q. Thus, 4.4. Local density in families. Let F " K v be the completion of K at any place v, with corresponding absolute value |¨| " |¨| v . Let U Ă F 2 be any open subset satisfying ∆ps, tq ‰ 0 for all ps, tq P U . Then M U :" tps, t, xq P UˆP 2 pF q : Qps, t, xq " 0u Ď UˆP 2 pF q is an analytic manifold, as follows from the analytic version of the implicit function theorem (we follow the conventions of [Ser06, §II.III] concerning analytic manifolds over local fields). Let pσ, τ q P F 2 t0u and ξ P P 2 pF q with Qpσ, τ, ξq " 0 and ∆pσ, τ q ‰ 0.
Lemma 4.2.
There is an open neighbourhood U 0 of pσ, τ q such that the projection
is a proper surjective analytic map.
Proof. Let V Ă A 2 be the complement of ∆ps, tq " 0. Consider the morphism of varieties tps, t, xq P VˆP Proof. It is enough to prove continuity on any open subset U 1 whose closure U 1 is contained in U 0 . Since ∆ps, tq ‰ 0 on U 0 , we may cover M U 0 by charts ϕ i : V i Ñ W i Ă F 3 of the form, say, ps, t, p1 : x 1 : x 2Þ Ñ ps, t, x 1 q, with W i a small ball with respect to the max-norm on F 3 .
Since α´1pU 1 q is compact, finitely many of these charts are enough to cover α´1pU 1 q, say ϕ 1 , . . . , ϕ k , and moreover we may find a corresponding partition of unity f 1 , . . . , f k of α´1pU 1 q with supppf i q Ď V i . Then
with H v ps, t, xq :" H ps,tq,v pxq. However, each integrand is continuous in s, t, x 1 and compactly supported, so it can be bounded from above by a constant. Hence ω v ps, tq is continuous on U 1 by Lebesgue's dominated convergence theorem.
Recall that we are given ps 0 , t 0 q P O 2 K with s 0 O K`t0 O K " r, such that C ps 0 ,t 0 q pKq ‰ H and ∆ps 0 , t 0 q ‰ 0. We note some consequences of the previous lemmata. for all s, t P r with ps, tq " ps 0 , t 0 q mod W l . The implicit constant is independent of s, t.
Proof. Let p | W. Lemma 4.2, when combined with Lemma 4.3, yields an open ball U 0 " tps, tq P K 2 p : ps, tq " ps 0 , t 0 q mod p l u, on which ω v is continuous and such that C ps,tq pK p q ‰ H, (4.15) and ∆ps, tq ‰ 0 for all ps, tq P U 0 . Since U 0 is also compact, the density ω p ps, tq has a minimal value on U 0 , which is non-zero due to (4.15). To prove the corollary, we choose l maximal for all p | W.
Our next application is to the archimedean places. Recall the definition of G in (4.10). 
where the implicit constant is independent of s, t.
Proof. For v P Ω 8 , let D v be a compact ball contained in the set U 0 from Lemma 4.2, such that ps 0 , t 0 q is in the interior of D v . Then p1q is clear, and since ps 0 , t 0 q is in the interior of G , we can achieve p2q by shrinking the D v . Moreover, since ∆ps 0 , t 0 q ‰ 0, we may achieve p3q and p4q by further shrinking the balls D v . Property p5q is clear from Lemma 4.2, so it remains to prove p6q. To this end, we use the homogeneity condition (4.3) on Qps, t, x 0 , x 1 , x 2 q and the shape (4.2) of the local height factors H ps,tq,v " H v˝φps,tq at archimedean places. Fix an archimedean place v, and let ps, tq P D v . Since C ps,tq is a smooth conic, the subset of px 0 : x 1 : x 2 q P C ps,tq pK v q with x 0 " 0 or Q ps,tq,x 1 px 0 , x 1 , x 2 q " 0 has dimension 0 and thus measure 0. Denote its complement by C 1 ps,tq . Analogously, the subset of C T ps,tq pK v q described by the analogous equations x 0 " 0 or Q T ps,tq,x 1 px 0 , x 1 , x 2 q " 0 has measure zero, and we denote its complement by C 1 T ps,tq . Let θ : C 1 T ps,tq Ñ C 1 ps,tq be the diffeomorphism that maps p1 : x 1 : x 2 q Þ Ñ p1 : T a 1 x 1 : T a 2 x 2 q. The implicit function theorem provides an atlas pϕ i : V i Ñ W i q iPI for C 1 ps,tq consisting of charts of the form ϕ i p1 : x 1 : x 2 q " x 2 , mapping an open subset V i Ď C 1 ps,tq diffeomorphically to an open subset of W i Ď K v . Let pf i q iPI be a partition of unity for C 1 ps,tq that satisfies supp f i Ď V i . We construct now an atlas for C 1 T ps,tq and a corresponding partition of unity as follows. The open subsets V T,i :" θ´1pV i q Ď C 1 T ps,tq , for i P I cover C T ps,tq 1 . Let W T,i :"
is a chart for C 1 T ps,tq . The family pϕ T,i q iPI is an atlas for C 1 T ps,tq , and we have a corresponding partition of unity pθ˚f i q iPI , where θ˚f i :" f i˝θ . Hence, we obtain the following formulas for the v-adic densities:
Omitting the index i for clarity, let ϕ : V Ñ W be one of the charts for C 1 ps,tq , f the corresponding summand in the partition of unity, and ϕ T : θ´1pV q Ñ W T the corresponding chart for C 1 T ps,tq . Replacing the variable x 2 P W T by T a 2 x 2 P W , we see that ż
With the observation that H T ps,tq,v p1, x 1 , x 2 q " T 2´a 1´a2´e pH ps,tq,v˝θ qp1, x 1 , x 2 q, Q T ps,tq,x 1 p1, x 1 , x 2 q " T e`a 1 pQ ps,tq,x 1˝θ qp1, x 1 , x 2 q, by (4.2) and (4.3), this last integral is equal to
We have shown that ω v pT ps, tqq " T´2 mv ω v ps, tq. Since ω v is continuous on U 0 by Lemma 4.3, it has a minimum in D v , which is non-zero thanks to p5q. This shows that ω v ps, tq Ï Dv T´2 mv for ps, tq P T D v , which proves p6q.
Extending the archimedean factor of the Weil height in the obvious way from K 2 to K 2 8 , we see that H 8 pT s, T tq " T m H 8 ps, tq holds for any T ą 0. Choose θ ą 1 such that D XθD " H. Moreover, let N be the largest integer such that all ps, tq P θ N D satisfy Hps, tq ď NrB δ , in particular N -D,θ,δ log B.
Fix any ideal W P I K divisible by 2r, and let l be as in Corollary 4.4. Since the set tps, tq P G : Hps, tq 8 ď NrB δ u contains the disjoint union D Y θD Y¨¨¨Y θ N D, we see that for B ą 1. We have the freedom to multiply W by "bad" prime ideals, which we will do several times during the course of the proof. We start by requiring that W is divisible by all prime ideals in the set S bad from §4.1 4.5. Detectors. Now we apply the results of the previous subsection and §3.2 to the analysis of the densities σ p ps, tq :"ˆ1´1 Np˙ω p ps, tq in (4.16). Recall that M is the set of all closed points p in P 1 K such that the fibre X p is singular, and that we have a factorisation (4.4). From now on, we assume that W is included in all prime ideals dividing a or any coefficient of any of the forms ∆ p ps, tq. Recall moreover the definitions of θ p and δ p from §4.1. Lemma 4.6. Let p P M . Then δ p pθ p , 1q ‰ 0. Moreover, the fibre X p is split over Kppq if and only if δ p pθ p , 1q is a square in Kppq.
Proof. Recall that X p is isomorphic to the plane conic C pθp,1q . We assume without loss of generality that
Kppq be a representative of the unique singular point of C pθp,1q , and define the invertible (over Kppq) matrix
Then, with y :" T´1x, Q pθp,1q pxq " Q pθp,1q pv 0 p0, y 1 , y 2 q`y 0 v p q " v 2 0 Q pθp,1q p0, y 1 , y 2 q`y 2 0 Q pθp,1q pv p q`y 0 v 0 ∇Q pθp,1q pv p q¨p0, y 1 , y 2 q " v 2 0 Q pθp,1q p0, y 1 , y 2 q.
Hence C pθp,1q pxq is split over Kppq if and only if the binary quadratic form Q pθp,1q p0, y 1 , y 2 q is, which holds if and only if its discriminant is a square. Moreover, δ p pθ p , 1q ‰ 0 since otherwise C pθp,1q would be a double line, which does not occur by Lemma 2.1.
Lemma 4.7. The resultant Resp∆ p ps, tq, δ p ps, tqq of the binary forms ∆ p ps, tq and δ p ps, tq is not zero.
Proof. If Resp∆ p ps, tq, δ p ps, tqq " 0 then ∆ p ps, tq and δ p ps, tq would have a non-constant common factor. Since ∆ p ps, tq is irreducible over K, this would imply that ∆ p ps, tq|δ p ps, tq, and thus δ p pθ p , 1q " 0, contradicting Lemma 4.6.
In the proof of the following lemma, we will modify W several times to ensure that its factorisation includes certain small primes. Recall that we already assume that 2r | W.
We need to introduce some notation to deal with the case when the polynomial ∆ p px, 1q, for p P M , is not monic. Let b p :" ∆ p p1, 0q be the leading coefficient, and define the monic irreducible polynomial r 
Hence, p is ramified in Kppq, which we can exclude by modifying W. Therefore, we may assume that v P pR p ps, tqq " 0, and thus v p p∆ p ps, tqq " v P p∆ p ps, tqq " v P pb p s´r θ p tq.
For p4q, we invert b p to obtain θ p " st´1 mod P. Thus, δ p pθ p , 1q exists modulo P, and
In the last equality, we used the fact that δ p has even degree. Let us prove p5q. The assertion about the rank follows, since p ∤ δ p ps, tq. The conics C ps,tq and C pst´1,1q are isomorphic modulo p due to (4.3) and since t is invertible modulo p. Hence, χ p pQ ps,t" χ p pQ pst´1,1" χ P pQ pθp,1q q.
In the proof of Lemma 4.6, we have seen a transformation x " T y giving (w.l.o.g with i p " 0) Q pθp,1q pxq " v 2 0 Q pθp,1q p0, y 1 , y 2 q. By including W in all prime ideals dividing v ip , we ensure that this transformation is valid modulo P, and thus χ P pQ pθp,1" χ P pQ pθp,1q p0, y 1 , y 2 qq. Since χ P pQq P t˘1u depending on whether Q is split or non-split modulo P, we see that χ P pQ pθp,1q p0, y 1 , y 2"ˆδ p pθ p , 1q P˙"ˆδ p ps, tq p˙.
To prove p6q, we see that by p2q, p3q and p4q, By (4.16), it is thus our goal to prove the estimate ÿ
for X ą 1, where D is as in Proposition 4.5 and l as in Corollary 4.4. This is exactly (4.9) for P " pD, ps 0 , t 0 q, W l q, so all that is left to show is that the tuple P is admissible. Conditions (4.6) and (4.7) follow immediately from part p3q of Proposition 4.5. For condition (4.8), we have the following lemma.
Lemma 4.11. Let ps, tq P r 2 X XD, for X ą 1, with sO K`t O K " r and ps, tq " ps 0 , t 0 q mod W l . Thenˆδ p ps, tq ∆ p ps, tq 5˙" 1 holds for all p P M .
Proof. We may assume that l ě 2. By part p6q of Lemma 4. 
with ξ P 2 u δ p pθ p , 1qWO Kppq , and therefore pb p s´a p tq 5 " p1`ξqO Kppq . By quadratic reciprocity, we obtain
But H w p1`ξ, δ p pθ p , 1qq " 1 for all archimedean places w of Kppq, due to (4.18) and Proposition 4.5, p3q. Moreover, H w p1`ξ, δ p pθ p , 1qq " 1 for all places w dividing 2 thanks to the fact that 1`ξ P Kppq 2 w by our choice of u. This completes the proof of Theorem 4.1, from which Theorem 1.5 follows. For Theorem 1.6, recall from §1.4 that any conic bundle of complexity at most 3 with a rational point is rational, hence contains a rational point lying on a smooth fibre. Thus Theorem 1.6 follows from Theorem 4.1 and [FS18, Thm. 1.1].
Del Pezzo surfaces
In this section we study del Pezzo surfaces with a conic bundle structure. We give necessary and sufficient criteria for a del Pezzo surface to admit a conic bundle, in terms of the Galois action on the lines. We show how one deduces the results in §1.2 and §1.3 from Theorem 1.6, and also classify equations for del Pezzo surfaces with a conic bundle structure using the set-up §2.
Throughout k is a perfect field, assumed for simplicity to not have characteristic 2 in §5.5.2.
5.1. Proof of Theorem 1.3. Let K be a number field and
the Fermat cubic surface over K. Let π : X Ñ P 1 be the conic bundle induced by the planes containing the line x 0`x1 " x 2`x3 " 0. A simple calculation using Lemma 2.1 shows that
In particular, the hypotheses of Theorem 1.6 are satisfied. Let now Y be as in Theorem 1.3 and, for a " pa 0 : a 1 : a 2 : a 3 q P P 3 K , let Y a denote the corresponding diagonal cubic surface. An anticanonical height on Y induces an anticanonical height on Y a . Moreover, if every a i is a non-zero cube then Y a is isomorphic to the Fermat cubic surface. As the collection of such a is Zariski dense, the result follows from a simple application of Theorem 1.6.
5.2.
Criterion for existence of a conic bundle. We first show, as is well-known for d ě 3, that any conic on a del Pezzo surface X of degree d gives rise to a conic bundle. We define a conic on X to be a geometrically connected curve C Ă X of arithmetic genus 0 with K X¨C " 2.
Lemma 5.1. Let X be a del Pezzo surface over k with a conic C Ă X. Then the linear system |C| induces a conic bundle structure X Ñ P 1 , and every conic bundle on X arises this way (for some C).
Proof. Let C Ă X be a conic. Consider the exact sequence of sheaves
on X. By the adjunction formula [Har77, Ex. V.1.3] we have C 2 " 0 and, as is well-known, we also have h 1 pX, O X q " 0 [Kol96, Lem. III.3.2.1]. Thus applying cohomology to (5.1), we find that dim |C| " 1. As C 2 " 0 the linear system |C| is base-point free, hence induces a morphism π : X Ñ P 1 . To complete the proof, it suffices to show that the fibres of π are isomorphic to plane conics, for which we may assume that k is algebraically closed. Let F be a fibre of π, which is a connected curve of arithmetic genus 0. As´K X¨C " 2 and´K X is ample, by Nakai-Moishezon [Har77, Thm. V.1.10] we see that C has at most 2 irreducible components. If C is irreducible, then, as p a pCq " 0, it is isomorphic to a smooth conic. Otherwise, we have C " C 1`C2 where C i are irreducible and satisfy´K X¨Ci " 1, hence are 2 lines on X meeting in a point, as required.
For the second part, let π : X Ñ P 1 be a conic bundle. Then each fibre C has arithmetic genus 0 and satisfies´K X¨C " 2 by Proposition 2.5, as required.
We next obtain a criterion concerning the existence of a conic bundle on del Pezzo surfaces in terms of the Galois action on the lines. This is required for the computation used in Remark 1.7 and the proof of Theorem 1.1. Proof. The first implication is elementary. Indeed, as d ď 7 there is at least one P P P 1 for which π´1pP q is singular. If π´1pP q is non-split then one takes L 1 " L 2 " π´1pP q. If π´1pP q is split then one takes L 1 and L 2 to be the irreducible components of π´1pP q.
We now show the reverse implication.
As L 1 and L 2 are Galois orbits, from pL 1`L2 q 2 " 0 we deduce that
There are two cases, corresponding to a non-split or a split fibre. First suppose that L 2 1 " 0. Then we find that n 1 " 1. Thus r 1 is even and L 1ˆk is a collection of r 1 lines meeting in pairs. Moreover, the Hodge index theorem [Har77, Thm V.1.9] implies that each such pair is linearly equivalent overk (any non-zero totally isotropic subspace of pPicXq b R is 1-dimensional). It follows from Lemma 5.1 that overk we have L 1ˆk " pr 1 {2qF where F is the fibre of a conic bundle. To determine the structure over k, consider the Stein factorisation of the morphism f induced by L 1 :
Here π has connected fibres and g is finite. As Stein factorisation commutes with flat basechange [Sta18, Tag 03GX], we see that πˆk is a conic bundle, that C is a smooth curve of genus 0 and that the map g has degree r 1 {2 onto its image. However, as X has a 0-cycle of odd degree, so does C and hence C -P 1 by Riemann-Roch. Thus π is a conic bundle in the sense of Definition 1.4 (here L 1 corresponds to a non-split fibre of π).
For the second case, we may assume that L 2 1 L 2 2 ‰ 0. We deduce from (5.3) that n 1 " n 2 " 0. We obtain 2r 1 m 1 " r 1`r2 . Using this to eliminate r 2 in (5.2), we find that
By symmetry we obtain m 1 " m 2 " 1 and thus r 1 " r 2 . Hence each L i consists of a Galois invariant collection of r 1 pairwise skew lines, and each line in L 1 meets exactly one line in L 2 . The proof now proceeds in a similar manner to the previous case. Namely, applying Stein factorisation to the morphism determined by L 1`L2 gives rise to a morphism π : X Ñ C which is a conic bundle overk. Since X has a 0-cycle of odd degree, we find that C -P 1 , as required (here L 1`L2 corresponds to a split fibre of π).
5.3.
Proof of Theorem 1.1. Under the assumptions of Theorem 1.1 we see that X has a 0-cycle of odd degree. We claim that if ρpXq ě ρ d , then X admits a conic bundle of complexity at most 3. It seems difficult to prove this directly via conceptual geometric arguments. However, the claim is easily verified upon enumerating all possible Galois actions in Magma and using the criterion in Proposition 5.2. To apply Theorem 1.6, it therefore suffices to show that XpKq ‰ H. If d is even, then this holds by hypothesis. For d " 5 and d " 1 there is always a rational point: for d " 5 this is a classical theorem of Enriques [Sko01, Cor. 3.1.5], and for d " 1 a rational point is given by the unique base-point of the linear system |´K X |. For d " 3, a cubic surface with a conic bundle has a line, hence a rational point. Proof. We prove the result using Galois theory and facts about the configuration of lines on del Pezzo surfaces.
5.4.
Recall the definition of the graph G d from Remark 1.7. Given a collection of vertices V of G d , we need to understand which subgroup of W pE 9´d q leaves V invariant. Due to the geometric nature of G d , we can do this by constructing del Pezzo surfaces whose splitting fields have Galois groups which leave the relevant configurations of lines invariant. We explain this method in detail in the cases of interest.
d " 5 : Let P be a closed point of degree 4 in P 2 Q in general position. The blow-up of P 2 Q at P is a del Pezzo surface X of degree 5 over Q. This admits a conic bundle structure; explicitly, this structure arises from the pencil of conics in P 2 which contain P . If P is sufficiently general, then the splitting field of X has Galois group S 4 and the associated conic bundle has complexity 3.
We conclude the following about G 5 : Let V be a collection of 4 pairwise skew vertices in G 5 . The subgroup of W pE 4 q which leaves V invariant is a subgroup of S 4 ; but by the above we see that it also contains S 4 , hence is S 4 . By Galois theory we find that, given a del Pezzo surface X of degree 5 over k, there is a field extension L{k of degree at most p7W pE 4 q{7S 4 q " 5 " n 5 such that X L contains a Galois invariant collection of 4 pairwise skew lines overL. As Xpkq ‰ H [Sko01, Cor. 3.1.5], we find that X L is the blow-up of P 2 L in a collection of closed points of total degree 4, hence conclude, as above, that X L has a conic bundle of complexity at most 3.
d ď 4 : We use a variant of the previous construction. Let P P P 2 Q pQq and let Q be a closed point of P 2 Q of degree p8´dq such that P \ Q lies in general position. The blow-up of P 2 Q at P \ Q is a del Pezzo surface of degree d. It has a conic bundle structure of complexity 0, arising from the pencil of lines through P . If Q is chosen sufficiently generally, the splitting field of X has Galois group S 8´d . As in the case d " 5, by Galois theory and the properties of G d we conclude that for a del Pezzo surface X of degree d over k, there exists a field extension L{k of degree at most p7W pE 9´d q{7S 8´d q such that X L is isomorphic to the blow-up of P 2 L in a rational point and collection of closed points of total degree p8´dq. This admits a conic bundle of complexity 0 and clearly has a rational point. The lemma is proved on noting that n d " 7W pE 9´d q{p8´dq! for d ď 4.
This completes the proof of Theorem 1.2.
Remark 5.4. The astute reader will notice that in the proof of Lemma 5.3, for d ď 4 we use del Pezzo surfaces with a conic bundle of complexity 0, however Theorem 1.6 applies whenever there is a conic bundle of complexity at most 3. It turns out that the bounds obtained in Theorem 1.2 are the best one may obtain using Theorem 1.6. Namely, let X be a del Pezzo surface of degree at most 4 which admits a conic bundle of complexity at most 3. Then enumerating all possible Galois action in Magma and using the criterion from Proposition 5.2, one finds that the splitting field of X always has degree at most p8´dq!. Though naturally Theorem 1.6 applies to a much wider range of Galois actions than just those with a conic bundle of complexity 0, as explained in Remark 1.7. 5.5. Equations for del Pezzo surfaces with a conic bundle structure. We conclude this section by explicitly describing the equations of del Pezzo surfaces with a conic bundle structure, with an eye towards assisting future proofs of Manin's conjecture. We work over a perfect field k, assumed to have charpkq ‰ 2 in §5.5.2. 5.5.1. Cohomological calculations. We begin with some cohomological calculations.
Lemma 5.5. Let X be a del Pezzo surface of degree d over k equipped with a conic bundle π : X Ñ P 1 . Let F be a fibre of π and let n P Z.
(1) If n ě 0 then h 0 pX,´K X`n F q " 3n`d`1.
(2) If the linear system |´K X`n F | has an element which is a smooth irreducible curve of genus 0 then
Proof. We prove p1q using induction on n. For the case n " 0, it is well-known that
(see e.g. [Kol96, §III.3]). For n ą 0, consider the following exact sequence of sheaves
By Proposition 2.5 we have p´K X`n F q¨F " 2, hence
By (5.4), for the inductive step we may assume that
Applying cohomology to (5.5), and using (5.6) and (5.7) we find that
as required. For p2q, let C be a smooth irreducible curve of genus 0 in |´K X`n F |. Consider the exact sequence 0 Ñ O X Ñ O X pCq Ñ O C pCq Ñ 0 (5.8) of sheaves on X. As h 1 pX, O X q " 0 [Kol96, Lem. III.3.2.1] and gpCq " 0, applying cohomology to (5.8) and using Proposition 2.5, we obtain
as required.
5.5.2. Equations. Assume now that charpkq ‰ 2. We use the notation of §2 concerning conic bundles. In particular, we denote by F the class of a fibre and M the class of the relative hyperplane bundle, and write equations for conic bundles in the form ÿ 0ďi,jď2
We follow the convention that f i,j " f j,i . Proof. Let d ď 5 and let X be a del Pezzo surface of degree d equipped with a conic bundle π : X Ñ P 1 . That X admits an embedding into some Fpa 0 , a 1 , a 2 q follows from Lemma 2.3. Note that by Proposition 2.5, the degree d and the tuple pa 0 , a 1 , a 2 q determines e and hence, applying Proposition 2.5 again, the anticanonical divisor and a choice of anticanonical height. It therefore suffices to calculate pa 0 , a 1 , a 2 q, which we do by treating each degree d in turn. Table 5 .1.
d " 5: Let L denote the sum of the lines overk which lie in the fibres of π. This consists of 3 pairs of intersecting lines, with each pair being mutually skew. Recall that a del Pezzo surface of degree 5 has 10 lines overk, with intersections determined by the Petersen graph. An inspection of the Petersen graph reveals that the 4 lines not in L are pairwise skew. As this collection is Galois invariant, we may contract them to obtain a morphism X Ñ P 2 over k. Combining this with π gives a map X Ñ P 1ˆP2 , which is easily checked to be a closed immersion. Thus we may take pa 0 , a 1 , a 2 q " p0, 0, 0q, as claimed.
d " 4: We explicitly calculate pa 0 , a 1 , a 2 q using the proof strategy of Lemma 2.3. Namely, let ω´1 π " ω´1 X b π˚pω P 1 q be the relative anticanonical bundle of π. As X embeds into Ppπ˚ω´1 π q, it suffices to calculate π˚ω´1 π . Since Ppπ˚ω´1 π q -Ppπ˚ω´1 π b O X pffor any f P Z, we in fact need only calculate π˚ω´1 X b O X pf q for some f P Z.
Recall that for any sheaf F on X we have H 0 pX, F q " H 0 pP 1 , π˚F q, and that
Write π˚pO X p´K X´F" Opb 0 q ' Opb 1 q ' Opb 2 q. The divisor´K X´F is the class of a smooth conic. Hence Lemma 5.5 implies that h 0 pX,´K X´F q " 2, h 0 pX,´K X q " 5.
The first equality implies that either
Using the second equality, we find that pb 0 , b 1 , b 2 q " p´1,´1, 1q or p´1, 0, 0q.
Twisting by 1 and applying Proposition 2.5 we obtain the possibilities e " 0, pa 0 , a 1 , a 2 q " p0, 0, 2q or p0, 1, 1q.
It suffices to rule out the case pa 0 , a 1 , a 2 q " p0, 0, 2q. Let X Ă Fp0, 0, 2q be a surface of bidegree p0, 2q. As a 0 " a 1 " e " 0 and charpkq ‰ 2, one may diagonalise the surface so that it has the form x 2 0´a x 2 1 " f ps, tqx 2 2 , with a P k˚and deg f " 4. Such a conic bundle is a Châtelet surface. It is well known that Châtelet surfaces are never isomorphic to a del Pezzo surface, as e.g. they contain p´2q-curves overk (see e.g. [dlBBP12, p. 300]). Thus we must have pa 0 , a 1 , a 2 q " p0, 1, 1q, as claimed.
d " 3 : We follow a similar method to the previous case. Write π˚pO X p´K X´F" Opb 0 q ' Opb 1 q ' Opb 2 q. The divisor´K X´F is the class of a line on X, thus Lemma 5.5 yields h 0 pX,´K X´F q " 1, h 0 pX,´K X q " 4.
From this one obtains pb 0 , b 1 , b 2 q " p2, 2, 3q. Twisting by´2 gives the result.
d " 2 : Combining the conic bundle π : X Ñ P 1 with the anticanonical map X Ñ P 2 gives a morphism X Ñ P 1ˆP2 , which is easily checked to be a closed immersion.
d " 1 : We follow the method for d " 4. Write π˚pO X p´K X" Opb 0 q ' Opb 1 q ' Opb 2 q. Lemma 5.5 gives h 0 pX,´K X q " 2, h 0 pX,´K X`F q " 5.
We find that pb 0 , b 1 , b 2 q " p´1,´1, 1q or p´1, 0, 0q. Twisting by 1 gives e " 1, pa 0 , a 1 , a 2 q " p0, 0, 2q or p0, 1, 1q.
We shall rule out the case p0, 0, 2q, using a similar method to [BMS14, p. 398]. Let X be a smooth surface of bidegree p1, 2q in Fp0, 0, 2q, given by the equation (5.9). Consider the curve C : x 2 " 0 on X. We will show that´K X¨C "´1, which implies that´K X is not ample by Nakai-Moishezon [Har77, Thm. V.1.10]. The rational function t 2 x 2 {x 0 on X shows that C`2F " M in Pic X. Using Proposition 2.5, we find that M 2 " 5, C¨F " 2 and C¨M " 1. We deduce that´K X¨C " pM´F q¨C "´1, as claimed. Thus pa 0 , a 1 , a 2 q " p0, 1, 1q.
We now consider the converse of Theorem 5.6. In what follows, for a line bundle L on a variety X a collection of s 0 , . . . , s r of global sections of L, we denote by |s 0 , . . . , s r | Ă |L| the sub-linear system determined by s 0 , . . . , s r .
Theorem 5.7. Let 1 ď d ď 5, and let pa 0 , a 1 , a 2 q and e be the corresponding values from is empty. d " 2 : Write X in the form X : apx 0 , x 1 , x 2 qs 2`b px 0 , x 1 , x 2 qst`cpx 0 , x 1 , x 2 qt 2 " 0 Ă P 1ˆP2 .
(5.13)
Then X is a del Pezzo surface of degree 2 if and only if the scheme apx 0 , x 1 , x 2 q " bpx 0 , x 1 , x 2 q " cpx 0 , x 1 , x 2 q " 0 Ă P 2 (5.14)
is empty. d " 1: X is a del Pezzo surface of degree 1 if and only if every element of the linear system |x 1 , x 2 | Ă |´K X | is irreducible.
Proof. Let X be a smooth surface of bidegree pe, 2q in Fpa 0 , a 1 , a 2 q with equation of the shape (5.9). By Proposition 2.5, the anticanonical divisor´K X still has the same class as given in Table 5 .1, and moreover K 2 X " d. Thus in each case it suffices to determine whether´K X is ample.
d " 5 : The divisor class M`F P PicpP 1ˆP2 q is ample. Hence´K X , being the pull-back of M`F to X, is ample.
d " 4 : First assume that f 0,0 ‰ 0 in (5.9). Completing the square shows that X is isomorphic to a surface of the shape (5.10). To see that such a surface is a quartic del Pezzo surface, we note that the linear system |sx 1 , tx 1 , sx 2 , tx 2 | Ă |´K X | defines a double cover X Ñ P 1ˆP1 . Thus´K X is the pull-back of an ample divisor by a finite morphism, hence is ample [Har77, Ex. III.5.7].
Assume now that f 0,0 " 0 in (5.9). Consider the curve C : x 1 " x 2 " 0 Ă X. Aś K X " M , we see that x 0 " 0 P |´K X |. Hence´K X¨C " 0, so´K X is not ample by Nakai-Moishezon [Har77, Thm. V.1.10] d " 3 : Consider the map f : X Ñ P 3 , f : ps, t; x 0 , x 1 , x 2 q Þ Ñ px 0 , x 1 , sx 2 , tx 2 q.
(5.15) This is determined by a sub-linear system of´K X " M . The image of f is the cubic surface obtained by setting x 2 " 1 in the equation (5.9). We claim that X is a del Pezzo surface if and only if f is a closed immersion. Indeed, if f is a closed immersion then O X p´K X q " f˚O P 3 p1q is ample. Conversely, if X is a del Pezzo surface then f is the anticanonical map, which is a closed immersion as´K X is very ample in this case. It therefore suffices to show that f is a closed immersion if and only if the scheme (5.12) is empty. The smoothness of X implies that f is an embedding on the open subset x 2 ‰ 0, so it suffices to consider the behaviour along the divisor x 2 " 0. We find that f is an embedding if and only if for all px 0 , x 1 q the scheme f 0,0 ps, tqx 2 0`2 f 0,1 ps, tqx 0 x 1`f1,1 ps, tqx This is determined by a sub-linear system of´K X " M . If the scheme (5.14) is empty then f is a double cover. Hence´K X , being the pull-back of an ample divisor by a finite morphism, is ample. Conversely, if X is a del Pezzo surface then f is the anticanonical map, in particular f is a finite morphism. One easily sees that (5.14) must be empty in this case, as required. d " 1: First assume that X is a del Pezzo surface. Then it is easy to see that every element of |x 1 , x 2 | " |´K X | is irreducible (e.g. from the explicit model in weighted projective space, one sees that any singular element is either a nodal or a cuspidal cubic curve, hence irreducible). Now assume that every element of |x 1 , x 2 | is irreducible. From the equation one sees that f 0,0 ‰ 0 and that |x 1 , x 2 | has a unique base-point given by f 0,0 ps, tq " 0 and px 0 , x 1 , x 2 q " p1, 0, 0q. In particular, let C Ă X be an irreducible curve which is not contained in |x 1 , x 2 |.
Then for any D P |x 1 , x 2 | the intersection D X C is finite and non-empty, thus D¨C " K X¨C ą 0. Next let C be an irreducible curve contained in |x 1 , x 2 |. As every element of |x 1 , x 2 | is irreducible we find that C "´K X , so that´K X¨C " K 2 X " 1. Hence´K X is ample by Nakai-Moishezon [Har77, Thm. V.1.10], as required.
Remark 5.8. Let d, e, and pa 0 , a 1 , a 2 q be as in Table 5 .1. Then the criteria given in Theorem 5.7 are non-empty, i.e. for d ď 4 there exist smooth surfaces of bidegree pe, 2q in Fpa 0 , a 1 , a 2 q which are not del Pezzo surfaces of degree d. For 2 ď d ď 4 our criteria are very explicit and it is easy to construct such examples. Explicit examples for d " 1 can be found in [BMS14, p. 398] . Here it is shown that "diagonal" surfaces f 0,0 ps, tqx 2 0`f 1,1 ps, tqx 2 1`f 2,2 ps, tqx 2 2 " 0 Ă Fp0, 1, 1q of bidegree p1, 2q are never del Pezzo surfaces of degree 1.
Note that smooth surfaces of bidegree pe, 2q in Fpa 0 , a 1 , a 2 q are still interesting from the perspective of Manin's conjecture, even when they are not del Pezzo surfaces. They are often so-called "generalised" or "weak" del Pezzo surfaces. In particular, Theorem 1.6 can also be used to give lower bounds for Manin's conjecture for such surfaces as well.
Remark 5.9. Theorems 5.6 and 5.7 imply that any quartic del Pezzo surface over a field of characteristic not equal to 2 with a conic bundle structure can be written in the form (5.10). As is well-known, such a surface admits a complementary conic bundle structure; with the equation (5.10) this is given by mapping onto px 1 , x 2 q. The existence of this second structure played a crucial rôle in the proof of Manin's conjecture for a quartic del Pezzo surface with a conic bundle (see [dlBB11] ).
Note that s, t, x 1 , x 2 are a set of generating sections for´K X in this case. In particular, a viable choice for the anticanonical height function is given by H´K X ps, t; xq " ź
This choice has the advantage of making it easier to work with the two conic bundle structures.
